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Parametric operations between
3-dimensional triangular fuzzy

number and trapezoidal fuzzy set”
Y.S. Yun

Abstract. The parametric operations on R? are the generalization
of Zadeh’s extended algebraic operations on R. We calculated the
parametric operations for two 2-dimensional generalized triangular
fuzzy sets, for two 2-dimensional quadratic fuzzy numbers, and for
two 2-dimensional trapezoidal fuzzy sets. We also calculated the
parametric operations between 2-dimensional triangular fuzzy num-
ber and 2-dimensional trapezoidal fuzzy sets.

The parametric operations on R? are the generalization of Zadeh’s
extended algebraic operations on Rz, and thus become the general-
ization of Zadeh’s extended algebraic operations on R.

In this paper, we calculate the parametric operations between
3-dimensional triangular fuzzy number and trapezoidal fuzzy set.

AMS Subject Classification (2020): 47N99
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1. Introduction

The results for Zadeh’s extended algebraic operations on R have been
utilized in principle operations for two fuzzt sets and fuzzy logics. The
parametric operations on R? are the generalization of Zadeh’s extended
algebraic operations on R([10]-[12]). We generalized triangular, quadratic,

and trapezoidal fuzzy sets from R to R?*([1]). We generalized the algebraic
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operations for triangular, quadratic, and trapezoidal fuzzy sets on R to
parametric operations for triangular, quadratic, and trapezoidal fuzzy sets
on R?, respectively([2]-[6]). We generalized the triangular fuzzy numbers

from R? to R3([7]).

By defining a parametric operator between two a-cuts, we defined a
parametric operator for two triangular fuzzy numbers defined on R3. We
calculated Zadeh’s max-min composition operator for 3-dimensional trian-
gular fuzzy number([7]). And we presented the calculation in 3-dimensional

graphs for generalized triangular fuzzy sets([8],[9]).

In this paper, we generalize the trapezoidal fuzzy set from R? to R?,
and calculate the parametric operations between 3-dimensional triangular

fuzzy number and trapezoidal fuzzy set.

2. Parametric operations for two triangular
fuzzy numbers defined on R?

We define the 3-dimensional triangular fuzzy numbers on R?® as a

generalization of triangular fuzzy numbers on R?.

Definition 2.1 [7]. A fuzzy set A with a membership function

NA<x7y7 Z) =

(x—ﬂfl)2 (y —y1)? (z —21)?
a2 + b2 + 2 )

if v (x—21)? + a’(y — y1)? + a®b* (2 — 21)? < a®b* 3,

0, otherwise,

-

where a,b,c > 0 is called the 3-dimensional triangular fuzzy number and

denoted by (a, x1, b, y1, ¢, 21)3-

Note that pa(z,y) is a cone in R?, but it is not possible to know the shape

of pa(z,y,z) in R®. We define the parametric operations between two 3-
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dimensional triangular fuzzy numbers. To achieve this, we have to calculate

operations between a-cuts in R3.

The a-cuts are regions in R?, but in R?, the a-cuts are some subsets
of R?, which makes the existing method of calculations between a-cuts
inapplicable. We interpret the existing method from a different perspective,
and apply the method to the subset valued a-cuts on R3. The a-cut A,
of a 3-dimensional triangular fuzzy number A = (a,z1,b,y1, ¢, z1)3 is the

following set
e = = e

Definition 2.2 [7]. A 3-dimensional fuzzy number A defined on R? is

called convez fuzzy number if for all « € (0, 1), the a-cuts A, = {(z,y,2) €

R®|pua(x,y, 2) > a} are convex subsets in R

Theorem 2.3 [7]. Let A be a continuous convex fuzzy number defined on
R?® and A® = {(x,y,2) € R*|ua(x,y, 2) = a} be the a-set of A. Then for all
a € (0,1), there exist continuous functions f1(s), f5'(s,t) and f$(s,t) (O <

™

<2, —
5_77,2

<t< g) such that

a0 = {200 S0 S ) R0 < s <2mF o< T

Definition 2.4 [7]. Let A and B be two continuous convex fuzzy numbers

defined on R3, and
a0 = {0 36,0, 36,0 R <5 <2m T e < T
[eY a a « 3 ™ ™
B = ¢ (97 (5),95(s,t),95(s,1)) € R?|0 < s < 271'7*5 <t< 3

be the a-sets of A and B, respectively.
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For a € (0,1), we define that the parametric addition, parametric sub-
traction, parametric multiplication and parametric division of two fuzzy

numbers A and B are fuzzy numbers that have their a-sets as follows:

(1) parametric addition A(+),B:

(A(+),B)* = {(ff‘(S) +97(s), f3'(s,8) + 95 (s,1), 5 (s, 1)

|

+95(s,1) €ER}0< s < 2m, —— <t <

ol
ol 3

(2) parametric subtraction A(—),B:

@M—M&“={Uﬁﬂ—gﬁs+ﬂ,ﬁ@¢%—£@+w¢x

(s, t) — g5 (s +m,1)) 6R3|0§s§7r,— <t<

!
|

ro| 3
vl 3

@M%@“{U?@)sﬁ@wxﬁ%&ﬂgﬁsmﬂ,

f5(s,t) — g5 (s —m,t)) € R3|r <s< 2#,—% <t<

S

(3) parametric multiplication A(-),B:

@M%sz{Uﬁ@yﬁ@,ﬁ@m-ﬁww,

Fo(s,t) - gS(s,t) ER30 < s < 27r,—g <t<

ol 2

(4) parametric division A(/),B:

ffl(s) f§<s>t) fé’“(s,t) ) €R3|
gi(s+m) g3 (s +mt) g3 (s +m,1)

e ={ (

2
aip = { (AL B [0 ) g

gla(s_ﬂ—)’gg(s_ﬂ—vt)’g?(s_wvt

T T
OSSSWaQStS}a
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For o = 0 and @ = 1, (A(x),B)? = lim (A(x),B)* and (A(x),B)* =

a—0t

lim (A(x),B)“, where * =+, —, -, /.
a—1—

Theorem 2.5 [7] Let A = (a1, x1, b1, y1, ¢1, 21)° and B = (ag, x2, by,
Y2, C2, 22)3 be two 3-dimensional triangular fuzzy numbers. Then, we have

the following:

3
A(+)pB = (a1 +az, 1+ 22, by +ba, y1 +y2, c1 +c2, 21 +Zz) .

(2)
3
A(=)pB = (a1 +az, T1 — T2, b1 + b2, y1 — Y2, €1 +C2, 21 — 22) .
(3)
(A0 = { (a(5) vno:8) 20 1) € B
™ ™
0<s<2m,——<t< —
FEEm T =S 2}’
where
To(8) = x129 + (T1a9 + 22a1)(1 — @) cos s + ajaz(1 — a)? cos? s,
Ya(s,t) = y1y2 + (y1ba + yob1)(1 — @) sinscost + b1ba(1 — )?
sin? s cos? t,
2a(8,1) = 2120 + (2102 + 20¢1)(1 — @) sinssint + ¢1ca(1 — )?
sin? ssin? t.
(4)

(A(/),B)" = {<xa<s>,ya<s,t>,za<s,t>> R

o

<s<2 71-<t<ﬂ-
s <2m,—— =
- - 3 2— —2 I’

where
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1+ a1(1 —a)coss

Ta(s) = x9 —as(l — a)coss’
1 +b1(1 —a)sinscost
yo(s 1) = (1 —a)si 7
ya — ba(1 — ) sinscost
1-— i int
r(s,t) = z1+a(l—a) STnss?n .
29 — (1 — «) sin s sin t

Therefore, A(+),B and A(—),B become 3-dimensional triangular fuzzy
numbers, but A(-),B and A(/),B are not 3-dimensional triangular fuzzy

numbers.

Example 2.6 [7]. Let A= (6, 3, 8, 5, 4, 7)> and B = (4, 2, 5, 3, 6, 4)>.
Then, by Theorem 2.5, we have the following:

(1) A(+),B = (10, 5, 13, 8, 10, 11)3

(2) A(-),B=(10, 1, 13, 2, 10, 3)3

NN
IN
~
IN

(3) (A(),B)" = {<xa<s>,ya<s,t>,za<s,t>> ER[0<s <2

To(s) =6+ 24(1 — @) cos s + 24(1 — a)* cos? s,

Yo(5,t) = 15 +49(1 — o) sinscost + 40(1 — a)*sin? s cos? ¢,

Za(s,t) = 28 + 58(1 — ) sin ssint + 24(1 — a)? sin” ssin? t.

(A(/),B)* = {<xa<s>,ya<s7t>,za<s,t>> cR|

i iy
0<s<2r,. —— <t < =
sS85 TS S 2}’
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where
34+ 6(1—a)coss
Ta(s) = 2—4(1—a)coss’
5+ 8(1 —a)sinscost
Yo(s,) = TS0 Q)OI COT
3—5(1 —a)sinscost
Za(&t):7+4(1—a)s?nss?nt-
4—6(1 —a)sinssint

Therefore, A(+),B and A(—), B become 3-dimensional triangular fuzzy
numbers, but A(-),B and A(/),B are not 3-dimensional triangular fuzzy

numbers.

3. Parametric operations between 3-dimensi-
onal triangular fuzzy number and trape-
zoidal fuzzy set

In this section, we define the 3-dimensional trapezoidal fuzzy sets on
R? as a generalization of trapezoidal fuzzy sets on R?. We then calculate
the parametric operations between 3-dimensional triangular fuzzy number

and trapezoidal fuzzy set on R>.

Definition 3.1. A fuzzy set B with a membership function

(@ (- (2 2)?
"¢ Z TTw taz o

— )2 — )2 — )2
if h—lg\/(m 2) +(y y2) +(Z 72) <h,

2 2
az b3 &)

— 2 _ 2 _ 2
- ng 2)?  -w? | om?

HB(JU,.%Z) =

2 2 2 >
az b3 55}

0, otherwise,

where as,bs,co > 0 and 1 < h is called the 3-dimensional trapezoidal fuzzy

set and denoted by B = ((h, ag, T2, ba, y2, c2, 22))°.
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The a-cut B, of a 3-dimensional trapezoidal fuzzy set B = ((h, a2, 2,

by, Yo, C2, z2))> is the following set

so={enn ¥l CE=) + () + (Gamm) <)

Note that if 0 < h < 1, ((h, ag, T2, bz, y2, Ca, 22))° becomes a generalized

3-dimensional triangular fuzzy set and if 1 < h, ((h, a2, za, ba, Y2, c2,

22))® becomes a 3-dimensional trapezoidal fuzzy set.

Theorem 3.2. Let A = (a1, x1, b1, ¥1, ci1, z1)3 be a 3-dimensional
triangular fuzzy number and B = ((h,aa, 2, by, y2, c2, 22))° be a 3-

dimensional trapezoidal fuzzy set. Then we have the following:
(1) For0< a <1, the a-set (A(+),B)% of A(+),B is

{@y2)e R?’Kaluf;)ﬁ;f;— a)>2

Y- —y 2 Z—21 -2 2
+<b1(17a)41rb2(i2zfa)) +(cl(1—a)i02(i21—a)) =1},
(2) For0<a <1, the a-set (A(—)pB)* of A(—)pB is

{(x,y,z) < RS‘(al(lf;)m—ll—:gfsz— a)>2

+atainn—a) e aran=a) ~ 1

(3) For0 < a<l, (A()pB)* = {(ma(s),ya(s,t),za(s,t)) cR?|0<

IN

s < 2m, Ty < W}, where
2 2
Zo(8) = 2129 + (102(h — @) + 2901 (1 — @) cos s
+aras(h — a)(1 — a)cos? s,

Ya(s,t) = 1192 + (y1ba(h — ) + y2b1(1 — o)) sin s cos t

+ bibo(h — @) (1 — a) sin? s cos? t,
2a(8,t) = 2122 + (2102(h — @) + 22¢1(1 — @) sin ssint
(

+ ciea(h — @)(1 — a) sin? ssin” ¢.
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(4) For0 < a <1, (A(/)pB)* = {(xa(s),ya(s,t),za(s,t)) ceR?*|0<

— a)cos s

a)coss’
sin scost

. ’
a)sinscost

™ ™
<27, ——<t< —
s < 2_t_2},where
_$1+a1(1
xa(S)_IQ—QQ(h—
y1 +b1(1 —
MR
Yals,t) = Y
Zl+01(1
« ,t ==

z (S ) ZQ—CQ(h

a)

)
a) sin ssint
a)sinssint’

Proof. Since A and B are continuous convex fuzzy numbers defined on R?,

by Theorem 2.3, there exists fi'(s),
that

= {(ff(S), f8(s,t), f5(s,1)) € R3]0 < s < 2m,

B = {<g?<s>,gs<s,t>,g§<s,t>> ERY0 < 5 < 2, —

Since A =
we have
Ji(s) =x1 4+ a1(1 —a)coss,
f3'(s,t) = z1 + c1(1 — a) sinssint,
and
g1 (s) = x2 + az(h — @) cosss,
95 (8,t) = 22 + ca(h —

a)sin ssint.

(1) Since

I1(s) + g% (s) = x1 + 2 + (a1(1 — a) + az(h —

f3' (s,
fg(sat) +g§é(8,t) =21+ 22 +(

we have

3
(a1, x1, b1, y1, ¢1, 2z1)° and B =

t)+g5(s,t) =1 +y2+ (b1(1 — ) + ba(h —
c1(1 —a)+ ca(h —

97 (s), £i(s,t), 95" (s,t) (i = 2,3) such

s ™
——<t< =},
2= 72
m s
—<t< ).
2 2

((hyaz, T2, b2, ya2, c2, 22))° ,

J5'(s,t) = y1 + b1(1 — o) sin s cost,

95 (s,t) = y2 + ba(h — ) sin s cos t,

a)) cos s,
a)) sin s cost,

a))sin ssint,
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(A+),B)" = {(:c,y,z) < R3‘ (a1(1 f ;)x—il- ;:(UZ - oz))2

— Y1 = Y2 2= 21 — 22 2
+ (b1(1iya)y+ b;(Jh—a))2+ (cl(l—a)+62(h—a))

- 1}.

(2) If 0 <s <, we have

Ji(s) =g (s +m) =21 — 22+ (a1(1 — a) —az(h — a))cos s
[5(s,t) — g5 (s +m,t) =y1 — y2 + (b1(1 — @) — ba(h — a)) sin s cos t
f(s,t) —g5(s+mt) =21 — 22+ (c1(1 — &) — ca(h — @) sin ssin t.

In the case of 7 < s < 27, we have
Ji(s) —gi (s —m) = fi'(s) — g7 (s + 7),
[3'(s;t) = g5 (s = m,t) = f3'(s,1) — g5 (s + 7, 1)
f5' (s, t) = g5 (s —m,t) = f5'(s, 1) — g5 (s +7,1).

Thus

{ n= ERBKal 1fa)x—|l—;r;(vf2L—a))2
(

Yy—y1+y )2+( z—z1+ 22 )2
1(1—a) +ba(h— ) c1(1—a)+ca(h—a)

+

b
-1}
(3) Let (A(),B)" = {<xa<s>,ya<s7t>,za<s,t>> €R|0<s<om -3 <

tgﬂ},then
2



3-dimensional triangular fuzzy number and trapezoidal fuzzy set 103

ZTa(s) = z129 + (x102(h — ) + 2201 (1 — @) cos s
+ ayas(h — a)(1 — @) cos? s,
Ya(5,t) = y1y2 + (y1b2(h — @) + y2b1(1 — a)) sin scost

+ 2z9¢1(1 — @) sin ssint

a)
+ bibo(h — @) (1 — a) sin? s cos? t,
2a(8,t) = 2129 + (z102(h — @)

(

+ ciea(h — @) (1 — a) sin? ssin® ¢.

(4) Let (A(/),B)* = {(za(s); Ya(s,t). 2a(s,1)) € B} [0 < s < 27,2 <

2
T
t < =1 th
<7}, then
va(s) = x1 +ar(l— a)coss’
x9 —ag(h —a)coss
b1 (1 — t
You(5,) = y1 + b1(1 — «) sin s cos
y2 — ba(h — ) sin s cost
r(s5.t) = z14+ (1 —a) Slnss'%nt.
29 —ca(h — a)sinssint
The proof is complete. U

Example 3.3. Let A= (6, 3, 8, 5, 4, 7)%and B = ((3, 4, 2, 5, 3, 6, 4))>.
Then by Theorem 3.2, we have the following:

(1) For 0 < o < 1, the a-set of A(+),B is

(A(+),B)* ={(@,9.2) € BY| (2 (1—aa):+i(3—a))2

+<( a1§+§( ))2+<4(1—;)_+161(3—a)>2
:1}.

(2) For 0 < a < 1, the a-set of A(—),B is

(A(=)pB)" :{(x’y’z) < RS‘(6(1 fag)ti(?,fa))Z
y—2 2 z—3 2
+ (8(1 —a)+5(3—a)) + (4(1—a)+6(3—a)> =
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(3) For0<a <1, (A()pB)* = {(2a(5), Ya(5,t), 24(s,t)) ER* |0 < 5 <
7r 7r
2w, —— <t < —}, where
2 2
To(s) =6+ (12(3 — @) + 12(1 — )) cos s + 24(3 — a)(1 — a) cos? s,
Yo(s,t) =154+ (25(3 — o) + 24(1 — ) sin s cost
+40(3 — a)(1 — a) sin? s cos? t,
Za($,t) =28 4 (42(3 — ) + 16(1 — ) sin s sint
+24(3 — a)(1 — a) sin” ssin’ ¢.

(4) For 0 < a <1, (A(/)pB)* = {(za(s),ya(s,1), za(s,1)) € R? | 0 <
™ Y
s < 2m, ) <t< 5}, where

B 3 +6(1 —a)coss

Za(s) —4(3—a)coss’
54 8(1 — a)sinscost
Yals:1) = 3—5(3—a)sinscost’
tals t):7+4(1 Oz)blIlSSiIlt.
“n 6(3 — a)sinssint

We give the membership functions of j144)5(%), pa—)s(®), Lac)s(x)
and p4(/)g(x) with their a-sets. Thus we do not know the concrete form
of the membership functions. We proved that the functions f; and g;(i =
+,—,+,/) are in one to one correspondence. Thus we know the unique

existence of membership functions.

In the following, we get the graphs of membership functions using
Mathematica. The value of the membership function is expressed with
color density since a 3-dimensional graph can not be drawn. The value of
the membership function for each point on the cut plane is also expressed

with color density.

A := TmplicitRegion[0<Sqrt[(x-3)%/6-+(y-5)%/8+(z-7)? /4] <1, {x,y,2}];
DensityPlot3D[1-Sqrt[(x-3)2/6-+(y-5)% /84 (z-7)? /4], {x,y,2} regl,PlotPoints
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—100,ColorFunction—" SunsetColors” ,OpacityFunction—0.05,BoxRatios

—{Sqrt[6],5qrt[8],Sqrt[4] } ,PlotLegends— Automatic]

B := reg2=ImplicitRegion[0<Sqrt[(x-2)? /4+(y-3)? /5+(2-4)* /6] <3,{x,y,2}];
DensityPlot3D[3-Sqrt[(x-2)?/4+(y-3)? /5+(2-4) /6], {x,y,2} reg2,PlotPoints
—100,ColorFunction—” Sunset Colors” ,OpacityFunction—0.05,BoxRatios—

{Sqrt[4],Sqrt[5],Sqrt[6]},PlotLegends— Automatic]

A+B := ContourPlot3D[((x-5)/(18-10a))?+((y-8)/(23-13a))*+((2-11) /(22
-10a))%?==1,{x,-15,25},{y,-21,38},{z,-11,41},ContourStyle— Directive [RGB
Color[l-a,1-a,1-a],0Opacity[0.1]], Mesh—None,Plot Points— 100, BoxRatios—
{1,1,0.5},BoundaryStyle—None|;tg=Table[g[i],{i,0,1,0.05}];Show|tg]

A-B := ContourPlot3D[((x-1)/(18-10a))*+((y-2)/(23-13a))>+((2-3) /

(22- 10a))?==1,{x,-34,40},{y.-34,40},{2,-34,40 },ContourStyle—Directiv [RGB
Color[1-a,1-a,1-a],Opacity[0.1]],Mesh—None,Plot Points— 100, BoxRatios—
{1,1,0.5},BoundaryStyle—None|;tg=Table[g1][i],i,0,1,0.1];Show|tg]

A-B := ParametricPlot3D[{6+(48-24a)Cos[s]+24(3-a) (1-a) (Cos]s])?,15+(99
-49a)Sin[s] Cos[t]4+40(3-a) (1-a)(Sin[s])?(Cos|t])?,28+(142-58a)Sin[s]Sin[t]

+ 24(3-a)(1-a)(Sin[s])?(Sin[t])?},{s,0,2Pi},{t,-Pi/2,Pi/2},PlotStyle— Direc-
tive [RGB Color[0.2,0.54+a/2,0.5+a/2],0pacity[0.3]],BoxRatios—{1,1,1}];tg=
Table[g]i],{i,0,1,0.1}];Show][tg]

A /B := ParametricPlot3D[{(346(1-a)Cos[s]) /(2-4(3-a)Cos][s]),(5+8(1-a) Sin]s]
Coslt])/(3-5(3-a)/4Sin[s]Cos[t]),(7+ 4(1-a)Sin[s]|Sin[t]) /(4-6(3-a)Sin[s] Sin[t])},
{s,0,2Pi},{t,-Pi/2,Pi/2} PlotStyle—Directive]RGBColor[0.2,0.5+ a/2,0.5+a/2],
Opacity[0.3]],BoxRatios—{1,1,1}];tg=Table[g[i],{i,0,1,0.1}]; Show][tg]
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Fig. 5: ua.p(x)

Fig. 6: pa/p(z)

4. Conclusion

We have calculated the parametric operations between 3-dimensional
triangular fuzzy number and trapezoidal fuzzy set. The results of this paper
have been illustrated with the help of an Example 3.3. For 3-dimensional
triangular fuzzy number A and 3-dimensional trapezoidal fuzzy sets B,
A(+)B and A(—)B became 3-dimensional trapezoidal fuzzy sets([Figure 5,
Figure 6]).

The form of A(-) B seems to be usable for application if it is modified
a little, but the form of A(/)B is so broken that it can not be used at all in
applications. However, Of course, since A(+)B and A(—)B are smoothly

expressed, they can be applied in many areas without modification.
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The next research can be extended to finite dimensional case. And

thus this study will be of great help in the study of extension to finite

dimensional case.
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